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Joint Angles
91, 92, 43,94

Forward Kinematics (FK)
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Joint space (joint configuration )

The space in which the location of all the links of a robot are represented
is called joint space, or configuration space 0
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Operational space (Operational configuration)




Review Math

Dot Product
* Cross Product

* Matrix
* Det
* Inverse matrix
e Other properties



Description: POSITION,ORIENTATION,FRAMES
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Description of POSITION

Coordinate system { A } T

D
ap = |p,
Dz

1A}

Position of point A is described

by a vector. | i

W

Fixed
coordinate system



Description of ORIENTATION

Fixed ' The orientation of a rigid body is described
coordinate system by the body-attached coordinate system {B}
ZA related to the coordinate system {A}



Rotational Matrix
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Rewrite axis of {B} representation expressed
in {A}

Xp = cos0X, + sin6Xp
Y5 = sin(—0) X, + cos 6 Xp
ZB :ZA
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Properties

ﬁR =ART=2R—1

As can be shown!!
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Rotational Matrix ,R,(0) = 30°



Basic Rotational Matrix



Description of FRAME

{B}={#R + Psor¢}
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Mapping:
Changing description from frame to frame

* Mapping involving translated frames

AP — BP ~+ APBORG /




* Mapping involving rotated frames

AP=ARBP




Example 2.2 (from textbook)



Example 2.2 (from textbook



* Mapping involving general frames

AP = 4R ®P + “Pgore
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Homogeneous Transformation Matrix




Example 2.3 (textbook)

Figure 2.10 shows a vector 4 P;. We wish to compute the vector obtained by rotating
this vector about Z by 30 degrees. Call the new vector AP,

The rotation matrix that rotates vectors by 30 degrees about Z is the same as
the rotation matrix that describes a frame rotated 30 degrees about Z relative to the
reference frame. Thus, the correct rotational operator is

0.866 —0.500 0.000
R.(30.0) = | 0.500 0.866 0.000 |. (2.30)
0.000  0.000 1.000
Given
0.0
Ap =20, (2.31)
{D‘{]}

we calculate 4 P, as

—1.000
APy =R,(30.0)*P, = | 1732 |. (2.32)
0.000

AP[

4]

M

;XA

FIGURE 2.10: The vector # P, rotated 30 degrees about Z.



Example 2.4 (textbook)

Figure 2.11 shows a vector "*Pl. We wish to rotate it about Z by 30 degrees and

translate it 10 units in X , and 5 units in ¥. Find 4 P,, where 4 P| = [3.07.0 0.0]7.
The operator T, which performs the translation and rotation, is

" 0.866 —0.500 0.000 10.0 | A4
T 0.500 0.866 0.000 5.0 .
— | 0.000 0.000 1.000 0.0 |° J
| 0 0 0 1 ’
Given
3.0
Ap =1170|, (2.35)
0.0
we use T as an operator:
9.098
Ap=T"P =| 12562 |. (2.36) .
0.000 By
Note that this example is numerically exactly the same as Example 2.2, but the FIGURE 2.11: The vector 4 P, rotated and translated to form * 7.

interpretation is quite different.



Summary of Interpretations

As a general tool to represent frames, we have introduced the homogeneous
transform, a 4 x 4 matrix containing orientation and position information.
We have introduced three interpretations of this homogeneous transform:

1. Itis a description of a frame. ‘;T describes the frame {B} relative to the frame
[A}. Specifically, the columns of ‘;R are unit vectors defining the directions of
the principal axes of {B}, and # Pg ¢ locates the position of the origin of {B}.

2. Itis a transform mapping. 4T maps *P — AP,

3. Itis a transform operator. T operates on API to create # P,.



Transformaiton Arithmatic

In this section, we look at the multiplication of transforms and the inversion of
transforms. These two elementary operations form a functionally complete set of
transform operators.

Compound transformations
In Fig. 2.12, we have © P and wish to find 4 P.

A 18]

FIGURE 2.12: Compound frames: Each is known relative to the previous one.



Frame {C) is known relative to frame {B}, and frame {B} is known relative to
frame {A}. We can transform € P into B P as

Bp=2T°P; (2.37)
then we can transform ® P into 4 P as

Ap—= g:r Bp, (2.38)
Combining (2.37) and (2.38), we get the (not unexpected) result

Ap _ ApBpC

P=2T T"P, (2.39)
from which we could define

AT =4T[T. (2.40)

Apgain, note that familiarity with the sub- and superscript notation makes these
manipulations simple. In terms of the known descriptions of {B} and {C}, we can
give the expression for 2T as

Ap B A
Ap oRCR |BR Pcorc + " Pporc
¢ 0 o0 o 1

(2.41)



Inverting a transform

Consider a frame {B} that is known with respect to a frame {A}—that 18, we know
the value of ‘;T. Sometimes we will wish to invert this transform, in order to get a

description of {A] relative to {B}—that is, BT, A straightforward way of calculating
the inverse is to compute the inverse of theﬁ x 4 homogeneous transform. However,
if we do so, we are not taking full advantage of the structure inherent in the
transform. It is easy to find a computationally simpler method of computing the
inverse, one that does take advantage of this structure.



To find BT we must compute BR and PP, g from AR and 4 Pgope- First,
recall from uur discussion of Iﬂtﬂtlﬂﬂ matrices that

PR=4R". (2.42)

Next, we change the description of 4 Py into {B} by using (2.13):

B A BpA
(“Pgorg) = 4R " Pgorc+ "Paore- (2.43)
The lefi-hand side of (2.43) must be zero, so we have
Bp A
"Paorc = —3 R * Pporc = —5R" 4 Pyopg. (2.44)

Using (2.42) and (2.44), we can write the form of 2T as

Bp _ gRY | —5R 4 Ppogg
0 0 o 1 |

(2.45)



Note that, with our notation,
B T A T_l

Equation (2.45) is a general and EK‘I.IE:]]JEI}" useful way of computing the inverse of a
homogeneous transform.



EXAMPLE 2.5

Figure 2.13 shows a frame {B} that is rotated relative to frame {A} about Z by 30
degrees and translated four units in X, and three units in ¥,. Thus, we have a

description of 4. Find &T.
The framr:: df:ﬁmng [B}1s

Ap
BT_

T 0.866 —0.500 0.000 4.0
0.500 0.866 0.000 3.0
0.000 0.000 1.000 0.0

0 0 0 1

(B]

 J

‘.1-}

(2.46)



Using (2.45), we compute

0.866 0.500 0.000 —4.964
—0.500 0.866 0.000 —0.598
0.000 0.000 1.000 0.0

0 0 0 1

(2.47)




TRANSFORM EQUATIONS

Figure 2.14 indicates a situation in which a frame {D} can be expressed as products
of transformations in two different ways. First,

U — Lr 'Iq' "
BT = ﬂT DT? (2.48)
second;
U  Uep Bep C

We can set these two descriptions of gT equal to construct a transform
equation: .
UpAmp __Up B
2L T =,T T T. (2.50)



FIGURE 2.14: Set of transforms forming a loop.



EXAMPLE 2.6

Assume that we know the transform 27T in Fig. 2.16, which describes the frame at
the manipulator’s fingertips {T'} relative to the base of the manipulator, {B}, that

we know where the tabletop is located in space relative to the manipulator’s base
(because we have a description of the frame {5} that is attached to the table as
shown, 2T), and that we know the location of the frame attached to the bolt lying

on the table relative to the table frame—that 1s, g'ﬂ Calculate the position and

orientation of the bolt relative to the manipulator’s hand, ET,
Guided by our notation (and, it is hoped, our understanding), we compute )
bolt frame relative to the hand frame as

T _ Bep—]1 Bep §
rr=2r-1%7 5T (2.

U

FIGURE 2.16: Manipulator reaching for a bolt.



























Conclusion
Spatial Description
* Task Description

* Transformations

* Representations
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